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1 Introduction

1.1 Motivation

Dynamical supersymmetry breaking (DSB) is a promising scenario [6] for explaining the

huge hierarchy between the weak scale and the Planck scale. Only very special examples

seem to exhibit complete DSB at weak electric coupling (see e.g. [1] and references cited

therein). Another framework for DSB, which leads to many new classes of examples, is

via theories with IR-free magnetic duals,1 with SUSY broken at tree-level in the dual.

Accepting long-lived metastable vacua further expands the classes of theories with DSB,

among them massive SQCD, which suggests that metastable DSB can be common, even

generic, in field theory and string theory [8]. See [9] for a recent review and references.

In analyzing such theories, one must always pay attention to the tree-level flat direc-

tions in the potential. Such “pseudomoduli” fields — which we will collectively denote

throughout by Φ — are always present in the low-energy F-term SUSY breaking models.2

One is the superpartner of the Goldstino, and typically there are many others, corre-

sponding to (at least some of) the moduli of the IR-free theory before turning on the

supersymmetry-breaking perturbation. To definitively determine whether or not super-

symmetry is broken requires determining what happens to all of the pseudomoduli in the

quantum theory. In the context of DSB in IR-free duals, as we will discuss, pseudomoduli

are either “good,” “bad,” or “incalculable,” depending on their quantum effective potential

and how it is generated.

We will distinguish calculable DSB models, where the demonstration of DSB is under

full control, from models where incalculable quantum effects could be important. In the

original models of DSB [1], calculability required that the fields of the electric theory be far

from the origin, i.e. |Qelec| ≫ |Λ|, where Λ is the strong-coupling scale. On the other hand,

calculable DSB in a low-energy IR-free dual requires the dual fields to be close to the origin,

|qmag| ≪ |Λ|, in order for unknown higher-dimension operators, which are suppressed by

powers of |Λ|, to be unimportant.

The condition |qmag| ≪ |Λ| can be non-trivial to check for the pseudomoduli fields Φ as

it entails computing their quantum effective potential. A model has calculable DSB only

if Veff(Φ) stabilizes all pseudomoduli below the cutoff scale, |Φ| ≪ |Λ|. All bets are off if

any pseudomodulus has a potential with a runaway3 to the cutoff of the low energy theory,

〈Φ〉 ∼ Λ. In the context of metastable DSB, one must also ensure that no pseudomodulus

gives a sliding direction down to the SUSY vacuum. Because the low-energy theory is

IR free, the lowest non-trivial loop order of Veff(Φ) suffices. In the SQCD example, all

pseudomoduli are safely stabilized at one loop in the low-energy theory [8]. But in many

other potentially interesting generalizations, e.g. [11–15], some pseudomoduli are unlifted

1The IR phase must be under control, as seen in the original, still inconclusive, example [7].
2This was proven in [10] for renormalizable Käher potentials. Additional non-renormalizable Käher

potential terms, which are present (with unknown coefficients) in the IR-free low-energy duals, contribute

to lifting the pseudomoduli. As we will discuss further in what follows, such contributions are negligible in

“calculable” models of DSB.
3For calculable electric DSB [1], one instead checks that Vtree prevents Qelec → ∞ runaways.
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at one loop, so a higher-loop analysis is then required to determine if they have dangerous

runaways to 〈Φ〉 ∼ Λ.

We will here consider general aspects of pseudomoduli, and their dynamical lifting

by Veff(Φ). This will serve to determine whether pseudomoduli are “good,” ”bad,” or

“incalculable.” Briefly put, we refer to pseudomoduli as “good” if their quantum effective

potential is calculable and robust, stabilizing them within the regime of validity of the

IR-free low-energy theory. The “bad” pseudomoduli, on the other hand, have a calculable,

robust potential, but with a runaway to the cutoff of the low-energy theory. Finally, the

“incalculable” pseudomoduli are inconclusive, because their quantum effective potential is

not robust against incalculable effects from modes outside of the low-energy theory.

We should note that the “bad” and “incalculable” cases can be salvaged by a simple fix,

which has already been implemented in models in the literature: one can modify the ultra-

violet theory under consideration to give any dangerous pseudomoduli Φd a supersymmetric

mass “by hand.” This can be done by introducing additional gauge singlets Σ, coupled to

pseudomoduli Φd via Wtree ⊃ mΣΦd, as was implemented for the examples in [11, 12]. (This

generally introduces additional pseudomoduli, which need to be examined.) Alternatively,

one can add the term Wtree ⊃ mΦ2
d, as in [14, 15]. (This can introduce new supersymmetric

vacua, so the lifetime of any DSB vacua must be re-checked.) From the perspective of the

original UV theory, these are modifications of Wtree by some particular higher-dimension

operators. In fact, the recent work [15] illustrates, in the context of a particular exam-

ple, how such a modification can turn “bad” pseudomoduli into a model-building virtue,

providing a meta-stable vacuum where R-symmetry is broken spontaneously.

1.2 Methods and connection to gauge mediation

In our general analysis, we will find it useful to adapt the language of gauge mediation in

order to characterize the coupling of the pseudomoduli to the SUSY-breaking sector. Recall

the idea of gauge mediation (see e.g. [16] for a review and references): to communicate

“hidden” sector SUSY-breaking to the “visible” sector (the MSSM or some extension) via

loops of “messenger” fields which couple directly to the SUSY-breaking fields and which are

charged under the SM gauge groups. In a wide class of gauge mediated models, the details

of the SUSY-breaking sector are irrelevant and the dynamics can be described in terms

of a spurion field X that breaks supersymmetry spontaneously through its F-component

expectation value, 〈X〉 = M + θ2f .4 The spurion then couples to messengers ϕ, ϕ̃ via

W ⊃ hXXϕϕ̃, (1.2)

4We consider F -term breaking, where ϕ is a chiral multiplet. As a concrete example, the SUSY-breaking

sector can be a generalized O’Raifeartaigh model, e.g. one like

Wlow ⊃ Xϕ2 + φϕ2 + fX, (1.1)

where φ and ϕ contain multiple fields, in representations of a group. This wide class of supersymmetry

breaking models, with only cubic and linear terms (called O’R2 in [17]), includes the original inverse

hierarchy model of [18], and also the rank-condition supersymmetry breaking of [8]. Accounting for 〈ϕ〉 6= 0

in these models, they are of type 1 in the classification of [19]. If φ and ϕ are charged under a sufficiently

strong (but still perturbative) gauge group, some pseudomoduli can have a minimum away from the origin,

spontaneously breaking the (accidental) U(1)R symmetry of this O’Raifeartaigh sector; see e.g. [17, 18, 20].

These examples are given only for illustrative purposes.

– 3 –
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which gives the messenger scalars SUSY-split masses at tree-level (and the MSSM sfermions

soft masses at two loops [2–5]).

As we will see, the key point is that in order for the pseudomoduli potential to be

calculable, the theory necessarily has some “messenger” fields ϕ with SUSY-split tree-level

masses. Then the pseudomoduli are analogous to the sfermions of the visible sector, and

they will feel the effects of SUSY-breaking through weakly-coupled “messengers.” Using this

language of messengers, we will apply and extend various results and techniques developed

for gauge mediation to this new context.

Each calculable pseudomodulus Φ is lifted at the loop order given by the number of

relevant interactions needed to couple it to the messengers ϕ. (As we will discuss, the

pseudomodulus is “incalculable” if any of these interactions are power-law irrelevant.) For

some classes of models we will consider, the pseudomoduli are first lifted at three or more

loops. Since it would be difficult (to say the least) to directly compute the needed multi-

loop effective potential for such cases, we will instead develop here a simpler method,

which is related to those of [21–23], and which allows us to determine multi-loop effective

potentials in terms of one-loop RG running data. Our method will apply in the regime

m0 ≪ |Φ| ≪ |Λ|, (1.3)

where the pseudomodulus is relatively far from the origin, but still below the cutoff of

the low-energy theory. Using our method, one can easily determine whether calculable

pseudomoduli are “good” or “bad” in this regime. Examples suggest that the behavior of

the potential in the range (1.3) is indeed a reliable indicator of whether the pseudomodulus

is good or bad.

The analogy between our analysis of pseudomoduli and the standard analysis of gauge

mediation is only an analogy, and it is important to stress some differences between the

two scenarios:

1. The most obvious difference is that in actual gauge mediation the sfermions only

acquire their soft masses through loops involving SM gauge fields, but here the mes-

senger couplings to pseudomoduli are not restricted by flavor considerations. So as

we will see in various examples, the pseudomoduli potential can involve both Yukawa

and gauge interactions, and it can start at any loop order.

2. The messengers ϕ can have large SUSY-breaking mass splittings (as in [8] where some

messengers have x ≡ |FX/M2| = 1). Then the beautiful methods [21–23] which have

been developed for x ≪ 1, to extract multi-loop effects from one-loop data, are not

directly applicable. Nevertheless, we will here discuss a different limit, where similar

methods can be employed.

3. Something that generally does not happen in gauge mediation, but which can easily

happen here, is that some messengers can have 〈ϕ〉 6= 0 (again, as is the case in [8]),

and this can partly or fully Higgs a hidden-sector gauge group. (See [24] for additional

discussion of mediation by Higgsed gauge groups.)

– 4 –



J
H
E
P
0
3
(
2
0
0
9
)
1
0
6

4. Because the low energy theory is assumed to be IR free, all interactions between pseu-

domoduli Φ and messengers ϕ are either marginally irrelevant — Yukawa couplings

or IR free gauge couplings — or power-law irrelevant.

5. Being SUSY-breaking mediation in an effective theory, there are unknown higher

dimension operators, suppressed by powers of 1/|Λ|, which could be potentially dan-

gerous; in the “good” cases, such operators are unimportant.

1.3 Summary of the survey of pseudomoduli

Let us now survey various types of pseudomoduli, and their dynamical lifting. While some

of the pseudomoduli may seem rather contrived, all of the ones in this list occur “naturally”

in the effective magnetic description of some strongly-coupled gauge theory. We will study

these theories in more detail in section 5, and with examples in section 6.

Gauge singlet pseudomoduli, with cubic direct couplings to messengers.

Wlow ⊃ Φ1ϕ
2 + Φ̃1ϕχ, (1.4)

where Φ1 and Φ̃1 are gauge-singlet pseudomoduli, ϕ have SUSY-split tree-level masses,

whereas χ do not. For light messengers ϕ, the Φ1, Φ̃1 fields enter into the one-loop Coleman-

Weinberg [25] potential V
(1)
eff , which safely stabilizes such pseudomoduli near the origin.

Such pseudomoduli are “good,” as they have a calculable potential which prevents their

vev from sliding to the cutoff.

Gauge singlet pseudomoduli, with cubic indirect couplings to messengers. Add

to (1.4) the term

Wlow ⊃ Φ2χ
2. (1.5)

Pseudomoduli like Φ2 are first lifted at two loops, since they couple to the messengers

via Φ2 ↔ χ ↔ ϕ, where each ↔ costs a loop via a Yukawa interaction. An example

realizing such pseudomoduli is SQCD with both massive and massless flavors [11]; the full

two-loop effective potential for the analogue of Φ2 in this example was recently explicitly

computed in [26], and was shown to have monotonically decreasing runaway behavior. We

will here use a simpler analytic method to determine the potential, using only one-loop

data, in the regime of relatively large 〈Φ2〉. The potential in this regime reveals that such

pseudomoduli are “bad,” as they have a calculable runaway potential pushing their vev to

the cutoff of the low-energy theory.

Higgsing pseudomoduli, gauge-coupled to messengers. Charged matter fields can

lead to pseudomoduli Φq, corresponding to their D-flat expectation values.5 For lack of

a better name, we call these “Higgsing” pseudomoduli. If the messengers ϕ are charged

under the same gauge group as the matter Φq, the coupling Φq ↔ gauge ↔ ϕ, leads to a

two-loop effective potential (again, each ↔ coupling costs a loop). In this sense, this type of

5If there are non-zero D-term expectation values, such fields can be lifted by tree level or one-loop

supersymmetry breaking effects, and thus not be pseudomoduli after all. We thank N. Seiberg for this

comment.
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pseudomodulus is most directly analogous to that of sfermions in ordinary gauge mediation.

The generalization to determine the sfermion soft mass-squared in the here-relevant case of

Higgsed gauge groups was recently considered in [24]. As we discuss, these pseudomoduli

are safely stabilized: their two-loop effective potential pushes them to the origin. All

pseudomoduli from gauge non-singlets have this good, two-loop, stabilizing effect.

Saxion-type pseudomoduli. These are gauge-singlet fields Φ3 that couple to the mes-

sengers ϕ only via superpotential interactions

Wlow ⊃ Φ3 p2, (1.6)

to charged matter fields p, which in turn couple to the ϕ via gauge interactions. Since

Φ3 pseudomoduli couple to the messengers ϕ via Φ3 ↔ p ↔ gauge ↔ ϕ, they are lifted

first by a three-loop effective potential. Φ3 is referred to as “saxion-type” because of how

it enters into the low-energy theory when it gets a large expectation value. We will here

argue that such saxion pseudomoduli are bad, with a destabilized runaway to the cutoff.

This is qualitatively similar (though differing in the details) to the behavior found in [23]

for the saxions in the context of the usual, heavy-messenger scenario of gauge mediation

of supersymmetry breaking.

Gauge messengers. In the previous examples, we have assumed implicitly that the

SUSY-breaking spurion X in (1.2) is a gauge singlet. If instead it is charged under some

gauge group, then the massive gauge fields themselves become messengers. A classic ex-

ample is the theory of [18], where gauge messengers arise from the F-term of an adjoint of

SU(5)GUT. See also [22] for a discussion of some general aspects of gauge messengers. In

such cases, the Higgsing and saxion pseudomoduli couple more directly to the messengers

and their potentials are generated at one lower loop order. As we will discuss, the sign

of the pseudo-moduli effective potential is reversed in both these cases, meaning that the

Higgsing pseudomoduli are destabilized while the saxion pseudomoduli are stabilized by

the gauge messengers.

Irrelevantly coupled pseudomoduli: are gauge-singlet pseudomoduli which couple

to the SUSY-breaking sector only via power-law irrelevant interactions. For example,

pseudomoduli Φ4 with direct coupling to messengers and some other fields,

Wlow ⊃ 1

Λn+m−2
Φ4ϕ

npm, (1.7)

for n+m ≥ 3. (As we discuss, some of these interactions can become relevant, if m < 3 and

〈ϕ〉 6= 0.) Such pseudomoduli are not reliably lifted by quantum effects in the low energy

theory: the calculable effective potential in the low energy theory is not parametrically

larger than incalculable effects of the unknown irrelevant terms in the effective Kahler

potential. All such models are thus inconclusive: whether or not their pseudomoduli

are dynamically stabilized depends on the sign of terms which cannot, in principle, be

calculated with currently known methods.

– 6 –
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1.4 Outline

The outline of this paper is as follows. The next section discusses general aspects of DSB

in IR-free duals. In section 3, we note that models with power-law irrelevantly coupled

pseudomoduli are always inconclusive. In section 4, we note that there is a limit where

even multi-loop pseudomoduli effective potentials can be easily computed from one-loop

quantities: this is the limit where the pseudomodulus is far from the origin, as compared

with the tree-level mass scale, but still below the cutoff. In section 5, we use these results

to survey which of the above pseudomoduli types are safe, and which have a dangerous

runaway to the cutoff. In section 6, we apply these results to comment on a number

of examples.

2 Generalities of DSB in IR free duals

The low-energy theory is assumed to be an IR-free effective theory with a cutoff scale given

by Λ. The low-energy theory will in general have a variety of mass scales, including the

SUSY-breaking scale set by the parameter f in Wlow ⊃ fX. This mass scale must be well

below the cutoff of the low-energy theory, so we define a small parameter ǫ, given by

ǫ ≡ f

Λ2
∼
(m0

Λ

)2
with |ǫ| ≪ 1. (2.1)

Calculable IR-free DSB requires such a small parameter ǫ.6 The mass m0 in (2.1) sets

the scale of the tree-level masses in the low-energy theory, as well as the supersymmetry-

breaking scale. The IR-free low-energy theory has unknown corrections from higher di-

mension operators, in particular, Kähler potential corrections, suppressed by powers of

1/|Λ|. Such incalculable terms contribute to the pseudomoduli potentials — for example

Kincalc ⊃ cXX̄ΦΦ̄/|Λ|2 leads to Vincalc ⊃ −c|m0|4|Φ|2/|Λ|2 with unknown O(1) coefficient

c. In general, there are incalculable contributions to pseudomoduli potentials of the form

Vincalc ∼ |m0|4fincalc

( |Φ|2
Λ2

)
∼ |ǫ|2Λ4fincalc

(
|ǫ| |Φ|2

m2
0

)
(2.2)

where the real analytic function fincalc has a regular Taylor expansion around the origin.

On the other hand, the calculable effective potential in the low-energy theory can depend

only on m0 and not on Λ, so

Vcalc ∼ |m0|4fcalc

( |Φ|2
m2

0

)
∼ |ǫ|2Λ4fcalc

( |Φ|2
m2

0

)
(2.3)

for some real function fcalc. The calculable potential is robust against the unknown effects

provided that |ǫ| ≪ 1 and |Φ| ≪ |Λ|.
6The parameter ǫ is related to a superpotential coupling λ of a dual, UV description by ǫ = λΛ∆UV−3,

where ∆UV > 1 is the UV dimension of the composite operator X (and ∆IR = 1). Thus ǫ ≪ 1 is natural

if ∆UV ≥ 3, so the UV coupling is irrelevant or marginally irrelevant. If ∆UV < 3, the small parameter ǫ

could still be naturalized by additional dynamics [27].

– 7 –
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The IR-free low-energy theory can have marginally irrelevant coupling constants, like

the Yukawa coupling hX in Wlow ⊃ hXXϕ2, or the gauge coupling g of an IR-free gauge

group. Such couplings take some fixed, but unknown O(1) values at the UV cutoff |Λ| of

the low-energy theory, g(|Λ|) ∼ h(|Λ|) ∼ O(1), and then run down to smaller values in the

IR. The running is over a large energy range, from |Λ| down to the much lower scale m0 of

the tree-level masses, below which the running essentially stops. The couplings thus run

down to small IR values. However, it is important that they are not too small:

g2

16π2
∼ h2

16π2
& (− ln |ǫ|)−1 so |ǫ| ≪ |g|2

16π2
,

|h|2
16π2

≪ 1. (2.4)

This ensures that perturbation theory in the low-energy theory is reliable, with higher-

order perturbative effects suppressed as compared with leading-order effects. A calculable

ℓ-loop mass-term contribution coming from gauge or Yukawa interactions generally has

m2
calc,ℓ ∼ |ǫΛ2h2ℓ+1|, so pseudomoduli are parametrically lighter, by appropriate powers of

the loop-factor (2.4), than the fields which get tree-level masses. Nevertheless, for any ℓ, it

follows from (2.4) that their calculable mass and potential can be robust, m2
calc,ℓ ≫ m2

incalc.

Finally, let us remark that non-perturbative effects are insignificant as long as pseudo-

moduli are not too far from the origin. Non-perturbative effects can only become significant

if the low-energy theory is driven interacting by a sufficiently large pseudomodulus expec-

tation value, |Φ| > |Φn.p.|. Since the low-energy theory is IR free, the scale Φn.p. where

non-pertubative effects could become important is generally above the mass scale of the

light fields, |Φn.p.| ≫ m0. For example, non-perturbative effects are irrelevant for the

metastable DSB vacua of [8], but the Wn.p. eventually becomes important, and leads to the

SUSY vacua, at the scale Φn.p. ∼ Λlow ∼ ǫ(Nf−Nc)/NcΛ. In the regime where pseudomoduli

are not too far from the origin, |Φ| ≪ |Φn.p.|, perturbative effects are the most important,

and non-pertubative effects are negligible. For example, even if non-perturbative effects

happen to generate a runaway for a pseudomodulus, the pseudomodulus could still be

safely stabilized in the regime |Φ| ≪ |Φn.p.| by the larger perturbative effects there (see [28]

for an example of this).

3 Irrelevantly coupled pseudomoduli are always inconclusive

In this section, we discuss power-law irrelevantly coupled pseudomoduli, like Φ4 in (1.7).

Consider the least irrelevant example,

Wlow ⊃ 1

Λ
Φ4Φ̃4ϕ

2. (3.1)

This term can potentially become relevant, if the DSB vacuum has 〈ϕ〉 6= 0. For ex-

ample, we could have 〈ϕ2〉 ∼ ǫΛ2/h as in [8], where we have included an IR-free coupling

constant h (2.4). (We will illustrate this with a concrete example in section 6.5.) In this

case, (some components of) Φ4 are not pseudomoduli after all — they get a tree-level

supersymmetric mass mcalc ∼ 〈ϕ2〉/Λ ∼ ǫΛ/h. Comparing this mcalc with the unknown

mass contribution (2.2), m2
incalc ∼ |ǫΛ|2, we see that the calculable tree-level masses are

– 8 –
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here just barely larger, and thus just barely robust, thanks to the h−2 ∼ − ln |ǫ| enhance-

ment of m2
calc.

When some fields like Φ4 in (3.1) are pseudomoduli, however, their m2
calc comes with

additional loop factors of the IR-free couplings, so m2
calc ∼ |hℓ−1ǫΛ|2, which for any loop

order ℓ ≥ 1 is not robust against the incalculable contributions (2.2). Pseudomoduli

Φ4 with couplings which are more irrelevant than (3.1) have even smaller m2
calc. The

conclusion is that the effective potentials for power-law irrelevantly coupled pseudomoduli

can never be reliably computed in the low-energy effective field theory. It is impossible

to determine whether or not such pseudomoduli are safely stabilized at a vacuum within

the regime of validity of the low-energy theory, with expectation values properly below

its cutoff Λ. Even if the low-energy theory appears to break supersymmetry at tree-level,

supersymmetry might not be broken after all, if there is no static DSB vacuum within the

regime of validity of the low-energy theory. We refer to such pseudomoduli and theories

as incalculable.

This point afflicts and renders as inconclusive many potential examples of (perhaps

metastable) DSB via IR-free duality dynamics; for example, all of the duality examples

of [29–31], and the many other similar generalizations. All such examples have incalculable

pseudomoduli. Thus none of these examples can have reliably calculable metastable DSB

— they are all inconclusive. As discussed in the introduction, one can still modify the UV

theory by hand to give tree-level masses to the incalculable pseudomoduli, as in [12, 14],

for example.

4 A regime where the pseudomodulus’ potential follows simply from

running

The effective potential for pseudomoduli which are lifted at one loop is easily computed

from the expression for V
(1)
eff of [25]. For pseudomoduli which are first lifted at two loops,

one can, in principle, use the expression for V
(2)
eff in [32], though in practice this can be quite

technically involved — see [26] for an example and some methods. And pseudomoduli like

the saxion, which is lifted first at three loops, would require extensive work in order to

evaluate V
(3)
eff .

Here we note that there is a useful regime where all of the general higher-loop effective

potentials can be easily determined by one-loop quantities, through a generalization of

the wavefunction renormalization methods of [22, 23]. The regime of interest is where

the pseudomodulus Φ is relatively far from the origin but still within the validity of the

low-energy effective theory, i.e.7

m0 ≪ |Φ| ≪ |Λ|, (4.1)

where m0 is the typical mass scale of the light fields in the low-energy theory, or equivalently

the scale at which SUSY is broken. (We also assume that |Φ| ≪ |Φn.p.|, so non-perturbative

effects are negligible.) It can be useful to know the potential in this regime, since if

7We ignore any factors of coupling constants which could be multiplying Φ in this section, since they

will be irrelevant to the discussion.
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it increases with |Φ|, then we can be sure that the pseudomodulus must be stabilized

somewhere along its flat direction. On the other hand, if the potential decreases in the

range (4.1), then this is evidence for runaway behavior — although, from this computation

alone, one cannot rule out the possibility that there is a local minimum of the effective

potential near the origin.

To compute the effective potential in the regime (4.1), we use the fact that the pseu-

domoduli only couple to the other fields in the theory linearly. Thus at large Φ, all that

happens is some fields of the low-energy theory get masses ∼ Φ. Moreover, since |Φ| ≫ m0,

these massive fields are approximately supersymmetric. So to a good approximation, in-

tegrating them out yields an approximately supersymmetric effective theory below the

Φ scale, where the only dependence on Φ comes from threshold effects in the effective

Kähler potential. If we assume for simplicity that a single field X has nonzero F-term vev,

FX = f 6= 0, then the Wilsonian effective action below the scale Φ takes the form

Keff = ZX(Q; |Φ|)X†X + . . . , Weff = fX + . . . (4.2)

where Q is the RG scale and ZX is X’s wavefunction renormalization. In the regime (4.1),

the leading-log-enhanced dependence of ZX on Φ is determined using only one-loop su-

persymmetric RGEs. Then using this in computing the tree-level vacuum energy in the

effective theory gives the leading approximation to the effective potential for Φ:

Veff(Φ) ≈ |f |2ZX(m0; |Φ|)−1 (4.3)

in the regime (4.1).

We will find it convenient to introduce the notation ΩX = −1
2 log ZX so that the

anomalous dimension of X is given by

γX =
dΩX

dt
(4.4)

where t = log Q
m0

is the RG time. Then (4.3) becomes

Veff(Φ) ≈ |f |2e2ΩX(m0;|Φ|) (4.5)

The details of the calculation of ΩX are contained in the appendix. The upshot is that

the lowest-order leading-log contribution to ΩX is given by

ΩX(m0; |Φ|) = const. − 1

n!
∆Ω

(n)
X (−tΦ)n + O(κn+1) (4.6)

where tΦ ≡ log |Φ|
m0

and const. refers to the |Φ| independent part of the wavefunction; κ is

the loop-counting parameter (like κh = h2/16π2 or κg = g2/16π2); and ∆Ω
(n)
X is short for

∆Ω
(n)
X ≡ dnΩX

dtn

∣∣∣
t+Φ

t−Φ

(4.7)

i.e. the discontinuity at t = tΦ in the nth derivative of ΩX with respect to RG time.

Each derivative of ΩX with respect to RG time brings down a factor of the loop-counting
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parameter, so ∆Ω
(n)
X ∼ O(κn) if one uses the one-loop anomalous dimension in (4.4).

Higher-loop corrections to the anomalous dimension add additional factors of κ and do not

contribute at lowest leading-log order, so in the following all anomalous dimensions and

beta functions will implicitly be one-loop quantities in order to simplify the notation.

Explicitly, we have for the first few values of n:

∆Ω
(1)
X = ∆γX , ∆Ω

(2)
X =

∑

I

∂γX

∂gI
∆βI , ∆Ω

(3)
X =

∑

I,J

∂γX

∂gI

∂βI

∂gJ
∆βJ , (4.8)

where βI = dgI/dt and ∆ refers to the discontinuity across the Φ threshold as in (4.7).

Note that these formulas for ∆Ω
(n)
X assume that the lower order ∆Ω

(m<n)
X vanish. This is

why, for example, we have not written a contribution to ∆Ω
(3)
X from ∂2γX

∂gI∂gJ βI∆βJ , since if

such a term were non-zero it would’ve already contributed to ∆Ω
(2)
X as well.

In any event, substituting (4.6) into (4.5), we obtain at the lowest leading-log order:

Veff(Φ) ≈ const. − 2

n!
V0∆Ω

(n)
X

(
− log

|Φ|
m0

)n

(4.9)

where V0 = |f |2 is the tree-level vacuum energy. In this way, the n-loop leading-log

potential is completely determined by one-loop quantities.8 The sign of the coefficient of

the leading-log term then determines whether the pseudomodulus Φ is “good” or “bad” —

in short, Φ is 



“good” if (−1)n+1∆Ω
(n)
X > 0

“bad” if (−1)n+1∆Ω
(n)
X < 0

, (4.10)

where the loop order n is the lowest number for which ∆Ω
(n)
X 6= 0.

It is trivial to generalize to the case where multiple fields Xi have non-zero F-terms.

Then the leading effective potential for a pseudomodulius Φ in the range (4.1) is given by:

Veff ≈
∑

i

|FXi |2(ZXi(m0; Φ))−1 ≡
∑

i

|FXi |2e2ΩXi
(m0;|Φ|) , (4.11)

and each term in the sum can be approximated as in (4.9),

|FXi |2(ZXi(m0; Φ))−1 ≈ const. − 2

ni!
|FXi |2∆Ω

(ni)
Xi

(
− log

|Φ|
m0

)ni

, (4.12)

where ∆Ω
(ni)
Xi

is defined as in (4.7). Then the potential (4.11) is approximated by keeping

only those terms i with the lowest loop order, i.e. the smallest value of ni. In the next

section, we will apply (4.9) and (4.12) to the cases of interest.

Finally, let us make a few comments on the various corrections to (4.3).

8As will be clear in the examples, the order n of the leading-log effective potential approximation (4.9)

indeed agrees with the expected loop order, given by the number of interactions needed to couple the

pseudomodulus Φ to some messengers with SUSY-split masses. Thus we can be confident that the ap-

proximations used to obtain (4.9) are indeed capturing the dominant term in the effective potential (in the

regime (4.1)).
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1. Finite effects cannot be captured by the one-loop RGEs, but they are clearly sub-

leading compared to the large logarithms.

2. Loop effects in the effective theory below the scale Φ only depend on Φ through the

wavefunctions, so they are clearly subleading as well.

3. In order for (4.9) to be the dominant term in the effective potential at large Φ, all of

the one-loop anomalous dimensions and beta functions must be nonzero. In all the

examples we study, this will indeed be the case. If this condition is not satisfied, and

some anomalous dimensions or beta functions vanish, then subleading logarithms or

even finite effects at a lower loop order could be larger than the effect shown in (4.9).

4. The mistake we are making in assuming that the theory is a supersymmetric effective

theory described by (4.2) comes in the form of terms that are higher order in f/|Φ|2.
In the regime (4.1) these are clearly negligible compared to the log-enhanced effects.

5 Surveying the pseudomoduli

We here discuss each of the pseudomoduli types mentioned in the introduction. In each

case, we will apply our general result (4.9) for the leading-log effective potential in the

regime (4.1).

5.1 Gauge singlet pseudomoduli, with Yukawa coupling to messengers

Let us rewrite (1.4) and (1.5) with Yukawa couplings reintroduced,

Wlow ⊃ h(Φ1ϕ
2 + Φ̃1ϕχ + Φ2χ

2) (5.1)

Here the ϕ have SUSY-split tree-level masses, whereas χ do not. We take all the Yukawa

couplings equal just for simplicity, so the loop-counting parameter is uniformly given by

κh =
h2

16π2
. (5.2)

The ϕ couple to fields X (which can differ from the Φ1 fields) with FX 6= 0 and, as

in (1.2), we distinguish that Yukawa coupling as hX . When Φ = Φ1 or Φ = Φ̃1 is large, the

anomalous dimension of X is discontinuous at the scale |hΦ| since the number of messengers

is reduced below this scale:

γX = nϕκhX
, so ∆γX = ∆nϕκhX

, (5.3)

where ∆nϕ = nϕ−n′
ϕ > 0 is the discontinuity in the number of messenger fields above and

below |hΦ|. Thus the effective potential can be determined from the n = 1 case of (4.9),

leading to the well-known result

Veff ≈ 2V0∆γX ln
|hΦ|
m0

. (5.4)
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Since V0 > 0 and ∆γX > 0, such pseudomoduli are safely stabilized below the cutoff of the

IR-free dual by the one-loop effective potential. (Depending on the specifics of the model,

they could be stabilized either at the origin or away from it. For instance, the second term

in (5.1) is analogous to the messenger-matter mixing considered in [5]; as shown there, it

can lead to a negative mass-squared for Φ̃1 at the origin, so the minimum is elsewhere.)

On the other hand, pseudomoduli like Φ2 in (5.1) require two loops to couple to the

messengers, via Φ2 ↔ χ ↔ ϕ. In principle, the two-loop effective potential for Φ2 can be

obtained from the general expressions in [32]; this was recently carried out in the context

of SQCD with massive and massless flavors in [26]. Here we simply consider the potential

for Φ = Φ2 in the range (4.1). The χ fields in (5.1) then get a large mass ∼ |Φ2|, and can

be integrated out at lower scales. This does not cause a discontinuity in γX but it does

affect its first derivative with respect to RG time. In more detail, we have

∆Ω
(2)
X = ∆

(
dγX

dt

)
=

∂γX

∂hX
∆βhX

= 4nϕκhX
∆γϕ, (5.5)

where in the last equality we have used γX = nϕκhX
and βhX

= hX(γX + 2γϕ). Finally,

taking ∆γϕ = nχκh with nχ being the number of χ fields which got a mass from Φ2,

this becomes

∆Ω
(2)
X = 4nϕnχκhX

κh (5.6)

Substituting into (4.9), we obtain

Veff(Φ2) ≈ −V0κhκhX
nϕnχ

(
ln

|hΦ2|2
m2

0

)2

, (5.7)

Therefore, the two-loop potential for Φ2 reveals a destabilized runaway.

5.2 Higgsing pseudomoduli

As described in the introduction, these pseudomoduli come from expectation values of

matter fields Φq charged under a gauge group in which the messengers ϕ also transform.

The physics is quite different depending on whether the field(s) X with FX 6= 0 are neutral

or charged under the gauge group. For charged FX , the gauge fields are “gauge messengers”

and can lift Higgsing pseudomoduli at one loop. We will discuss this case more in section

5.4 and present an example of it in section 6.2. In this subsection we will focus on the case

of neutral FX , where Higgsing pseudomoduli are instead lifted at two loops.

We consider the limit of large Φ = Φq, in the range (4.1). Suppose the messengers

ϕ decompose into fields ϕi transforming in irreducible representations rϕi of G. Above

the scale Φq, the gauge coupling contribution to the one-loop anomalous dimension of the

messengers is given by

γϕi ⊃ −2c(rϕi)κg (5.8)

with κg = g2/16π2 being the loop-counting parameter for gauge coupling g and c(rϕi)

being the quadratic Casimir invariant. (In general c(r) = T (r)|G|/|r|; so c(fund) = N2−1
2N

and c(adj) = N for SU(N).)
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The gauge group is (partially or fully) Higgsed down to G′ ⊂ G at the mass scale |Φq|,
and that affects the anomalous dimensions of the messengers. Below the Higgsing scale we

can decompose the messengers into fields ϕ′
i transforming as G′ irreps rϕ′

i
. Each field ϕ′

i

then has an anomalous dimension given by (5.8) with ϕi → ϕ′
i.

As in the previous subsection, (5.5) gives the leading contribution to the effective

potential, but instead of (5.6) we have

∆Ω
(2)
X = 4κhX

∆

(
∑

i

|rϕi |γϕi

)
= −8κhX

κg∆

(
∑

i

|rϕi |c(rϕi)

)
(5.9)

Since |rϕi |c(rϕi) = T (rϕi)|G| and the index T is additive, (5.9) becomes simply

∆Ω
(2)
X = −8κhX

κgT (rϕ)(|G| − |G|′) (5.10)

Finally, substituting into (4.9), we have

Veff(Φq) ≈ 2V0κhX
κgT (rϕ)(|G| − |G|′)

(
ln

|Φq|2
m2

0

)2

. (5.11)

which implies (since |G|′ < |G|) that the potential always has a stabilizing effect on the

pseudomodulus field. This is analogous to the two-loop potentials for D-flat directions

found in [23, 33].9

5.3 Saxion-type pseudomoduli

Consider gauge singlet “saxion” pseudomoduli Φ3, coupling to charged matter p via

Wlow ⊃ hΦ3p
2, (5.13)

The Φ3 potential is first generated at three loops, since they couple to the messengers

only via Φ3 ↔ p ↔ gauge ↔ ϕ. In the range (4.1) of large Φ3, the saxion effective potential

can be determined using (4.9) with n = 3:

∆Ω
(3)
X = ∆

(
d2γX

dt2

)
=

∂γX

∂hX

∂βhX

∂g
∆βg. (5.14)

This is nonzero, since the p fields are massive and can be integrated out at the scale

hΦ3, which affects the beta function of the gauge coupling below the hΦ3 threshold:

∆βg = − g3

16π2
(b − b′) = −gκg(b − b′), (5.15)

9Indeed the general gauge mediation [34] effective potential for Higgsing pseudomoduli is [35]

Veff(m2
W ) =

g2

2

Z
d4p

(2π)4
Tr

„
p2

p2 + m2
W

«
(3 eC1 − 4 eC1/2 + eC0), (5.12)

where Tr sums over vector bosons, with mass matrix m2
W . For sfermions qf in reps rqf

we have (m2
W )AB =

P
f Tr(T

(A
rqf

q†fT
B)
rqf

qf ). We are here interested in the case of weakly coupled messengers ϕ, so Ca(p2/M2) is

T (rϕ) times the expressions quoted in [34]. Expanding (5.12) for qf near the origin gives the sfermion soft

masses m2
qf

∼ m2
0g

4 > 0, including the group theory factor c(rqf
). As was recently analyzed in [24], there

can be some numerical differences in the coefficient of m2
qf

, as compared with the usual gauge mediation

scenario, because the messengers can have 〈ϕ〉 ∼ m0 6= 0, Higgsing the gauge group (as in the SQCD

example of [8]). Approximating (5.12) for some Qf ∼ Φq far from the origin also indeed yields (5.11).
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where e.g. b = 3N − Nf for an SU(N) gauge theory with Nf flavors. Substituting this

into (5.14) and using γX = nϕκhX
, βhX

= hX(γX +2γϕ) and γϕ ⊃ −2c(rϕ)κg, this becomes

∆Ω
(3)
X = 16κhX

κ2
gnϕc(rϕ)(b − b′) (5.16)

Then it follows from (4.9) that

Veff(Φ3) ≈
2

3
V0κhX

κ2
gnϕc(rϕ)(b − b′)

(
ln

|hΦ3|2
m2

0

)3

. (5.17)

Because giving mass to some matter makes the IR group more strongly interacting,

we here have b − b′ = −T2(rp) < 0. With this sign in (5.17), we conclude that saxion-type

pseudomoduli Φ3 always have a destabilizing runaway potential, generated at three loops,

at least in the range (4.1).

Let us make two comments on this result. First, note that the change in the beta

function (5.15) is accounted for by an added term in the low-energy theory,

Wlow ⊃ − 1

64π2
(b − b′)

∫
d2θ ln(Φ3)W

2
α, (5.18)

which is the only way that Φ3 enters into the low-energy theory in this limit. This is the

reason for calling such pseudomoduli saxions: the phase of Φ3 enters the low-energy theory

like an axion, and ln |Φ3| is its saxion superpartner.

Second, in the standard gauge-mediation setup, it can be shown [23] that saxion pseu-

domoduli Φ3 also have destabilizing, tachyonic m2
3 < 0 near the origin, in analogy with

how the top Yukawa and m2
t = O(α2

s) can lead to electroweak breaking m2
H < 0. This

argument, however, relies on the large separation of scales of a high messenger scale mϕ:

one starts at the high scale mϕ with the two-loop supersymmetry breaking m2
p|µ=mϕ > 0,

and m2
3|µ=mϕ ≈ 0. Then m2

3|µ≪mϕ < 0 follows from RG running the one-loop h2
3 Yukawa

contribution to the running m2
3 and m2

p. But in our examples of interest, there are light

messengers, no such large range of running, and the finite terms in the effective potential

cannot be neglected in computing the three-loop potential for Φ3 near the origin. So here a

full-fledged explicit calculation of the three-loop effective potential for Φ3 would generally

be required to determine if there is any (metastable) local minimum near the origin. In

any case, we have argued for the destabilized runaway farther from the origin.

5.4 Modifications when there are gauge messengers

Finally, let us discuss models with gauge messengers, i.e. models where the gauge multiplets

have tree-level, SUSY-split masses. Gauge messengers occur if any charged matter field has

a non-zero, tree-level F-term. The methods discussed in section 4 can be applied, with only

trivial modification, to determine the effective potential for pseudomoduli when there are

gauge messengers. Though the methods are the same, the physics with gauge messengers

is quite different. Higgsing and saxion-type pseudomoduli are lifted at one fewer loop order

by gauge messengers. Correspondingly, the sign of the leading-log effective potential for

these pseudomoduli can be opposite from cases without gauge messengers. So Higgsing
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pseudomoduli can become destabilized at one loop, and saxion pseudomoduli can become

stabilized at two loops.

Let us first consider Higgsing-type pseudomoduli. With gauge messengers, Higgsing

pseudomoduli Φq are lifted at 1-loop. This can be seen simply from (4.11) and (4.12) (we

are allowing for the possibility that there are multiple fields Xi with F-terms, transforming

in different representations of the gauge group). That is, charged fields Xi have a dis-

continunity in their 1-loop anomalous dimensions when the gauge group is Higgsed at the

scale |gΦq|,
∆Ω

(1)
Xi

= ∆γXi = −2κg∆c(rXi). (5.19)

Here ∆c(rXi) = c(rXi)|GG′ , where G denotes the group above the Higgsing scale, and

G′ denotes that below, and in general ∆c(rXi) > 0. As in (5.4), the potential in the large

|Φ| regime is then approximated by

Veff(Φ) ≈ −2
∑

i

|FXi |2κg∆c(rXi) ln
|gΦ|
m0

. (5.20)

Because ∆c(rXi) > 0, we see that Higgsing pseudomoduli are generally unstable at

1-loop in theories with gauge messengers. (One exception is if the pseudomodulus Φ is

itself one of the fields Xi with non-zero F-term, which also couples to matter messengers

ϕ; in this case, there can be also a positive contribution to ∆γXi as in [18].)

Let us now consider saxion-type pseudomoduli, like Φ3 in (5.13). When such pseudo-

moduli are in the range (4.1), the change at the scale Φ3 is

∆Ω
(2)
Xi

= ∆

(
d

dt
(−2c(ri)κg)

)
= −4c(ri)κg

g
∆βg = +4κ2

gc(ri)(b − b′). (5.21)

where in the last equation we have used (5.15). Then (4.12) gives

Veff(Φ3) ≈
∑

i

4|FXi |2κ2
gc(ri)(b

′ − b)

(
log

|Φ|
m0

)2

. (5.22)

Because b′ − b > 0 in this case (as discussed after (5.17)), the 2-loop potential stabilizes

the saxion. This has the opposite sign of (5.17), and appears at one fewer loop order. So

gauge messengers can stabilize saxions.

6 Examples

6.1 Warmup: SQCD with massive flavors [4]

To illustrate our method, and set up the notation for following examples, let us briefly

review the metastable DSB theory based on SQCD with massive flavors [8]. The UV

theory is SU(Nc) SQCD, with Nf in the IR free-magnetic range, Nc < Nf < 3
2Nc. The Nf

flavors have a small mass mQ, which for simplicity we take to be the same for all flavors,

so there is a global SU(Nf ) × U(1)B ∼= U(Nf ) symmetry. The low-energy theory is given

by the IR free SU(N = Nf − Nc) dual, with

W = hTrΦϕϕ̃ − hµ2TrΦ. (6.1)
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The mass scale is given in terms of UV data as µ2 ≡ (−1)Nc/Nf mΛ (see [8, 9] for

discussion of these factors). This theory has metastable SUSY breaking vacua, given at

tree level by

Φ =

(
0 0

0 Φ̂

)
, ϕ =

(
ϕ̂

0

)
, ϕ̃ =

(
˜̂ϕ 0

)
, with ˜̂ϕϕ̂ = µ21IN , (6.2)

with Φ̂ an (Nf − N)2 = N2
c matrix of pseudomoduli. SUSY is broken by

FΦ =

(
0 0

0 f1INf−N

)
, with f † = hµ2 6= 0. (6.3)

The vacuum energy is V0 = (Nf − N)|h2µ4|, and the tree-level mass scale is m0 = hµ.

The pseudomoduli are all lifted at one loop, as is evident from the fact that they have

direct superpotential coupling to the messengers ϕ. The 1-loop effective potential for all

values of the pseudomoduli was computed in [8], and it was noted that the metastable DSB

vacua are at Φ̂ = 0, ϕ̂ = ˜̂ϕ = µ1IN . The gauge and global symmetry group is broken in

these vacua as SU(N) × U(Nf ) → SU(N)D × U(Nf − N).

When the pseudomoduli Φ̂ in (6.2) are in the range (4.1), we can alternatively use the

result (5.4) to easily determine the form of the effective potential. Taking e.g. Φ̂ in (6.2)

to have Nf −N independent and large diagonal entries, each of which has γΦ = Nκh, and

then accounting for the flavor structure, immediately yields

Veff(Φ̂) ≈ |f |2NκhTr ln
Φ̂†Φ̂

|µ|2 . (6.4)

The rising potential (6.4) gives a quick and indeed reliable indication that the Φ̂ pseu-

domoduli are good. (As discussed in [8], for sufficiently large Φ the non-pertubative Wdyn

becomes important and the potential eventually slopes down to the supersymmetric vacua.

This happens past the far, but still perturbative regime of (6.4).)

6.2 Example with a two-loop runaway: SQCD with both massive and massless

flavors

We again take the UV theory to be SU(Nc) SQCD with Nf flavors in the free-magnetic

phase. But here we take only Nf1 of the flavors to be massive, leaving Nf0 massless flavors.

For simplicity, we will give the Nf1 flavors equal mass, m. In the IR, the superpotential

is then of the general form (1.4). In particular, for magnetic fields (we use the notation

of [15])

Φ =

(
Φ11 Φ10

Φ01 Φ00

)
, ϕ =

(
ϕ1

ϕ0

)
, ϕ̃ =

(
ϕ̃1 ϕ̃0

)
, (6.5)

we have

W = hTrΦijϕjϕ̃i − hµ2TrΦ11, (6.6)

where Φij is an Nfi × Nfj matrix and ϕi and ϕ̃T
i are Nfi × N matrices.
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The first two terms in (6.6) lead to rank-condition supersymmetry breaking when

Nf1−N = Nc−Nf0 > 0, with V0 = (Nc−Nf0)|hµ2|2. All fields other than Φ00 get masses at

tree-level or one-loop level. This was observed in [11], where it was also shown that Φ00 has a

non-perturbative runaway coming from a dynamically generated superpotential. This is not

yet fatal, as there is a range of the pseudomoduli space where the non-perturbative effects

are negligible in comparison with higher-loop perturbative effects. But it was recently

shown in [26] that higher-loop perturbative effects also lead to a potential with a runaway

to large Φ00.

Let us now use the formalism developed in the previous two sections to demonstrate this

two-loop runaway behavior in the range (4.1). We identify Φ00 with the Φ2 pseudomodulus

of section 5.1. The fields Φ11 have F-terms given by (6.3), replacing Nf with Nf1, so they

play the role of X. The fields ϕ1, ϕ̃1 then play the role of the messengers ϕ, while the

fields ϕ0, ϕ̃0 are analogues of χ in (1.4).

To simplify the flavor index structure, let us take 〈Φ00〉 ∝ 1Ia ⊕ 0Nf0−a, for an integer

a between 1 and Nf0. Below the 〈Φ00〉 threshold, the a flavor components of ϕ0 get a

mass and no longer contribute to γϕ, leading to ∆γϕ = ah2/16π2 ≡ aκh. As in (5.5), we

then find ∆Ω
(2)
Φ11

= 4Naκh. Accounting for the SU(Nf0)L × SU(Nf0)R flavor symmetry,

the effective potential in this regime is found to be

Veff(Φ00) ≈ −V0Nκ2
hTr

(
ln

|Φ00|2
|µ|2

)2

. (6.7)

The sign indicates that the Φ00 pseudomoduli have a two-loop runaway to the cutoff of the

low-energy theory, and this model thus does not have a calculable metastable DSB vacuum.

This runaway can be lifted in a variety of ways. As noted in [11], one way is to add

singlets, Σ, to the UV theory with a marginal superpotential coupling to Φ00, Wtree ⊃
mTrΦ00Σ. In this modified theory, all pseudomoduli are stabilized at the origin, and there

is metastable DSB. Another modification — which is potentially more suitable for model

building — is to deform the theory by Wtree ⊃ mTr Φ2
00 [15]. Since this is a nonrenormal-

izable interaction in the UV, m is naturally small; as shown in [15], this makes it possible

to balance the two-loop runaway potential against this tree-level stabilizing potential and

obtain a meta-stable vacuum at Φ00 6= 0 where the R-symmetry is completely broken.

6.3 SQCD with weakly gauged flavor symmetry — An example with gauge

messengers

We start with the SQCD theory considered in [8], and reviewed in section 6.1, where

all Nf flavors are give the same mass m = mQ. There is a global SU(Nf ) × U(1)B ∼=
U(Nf ) symmetry, and we here consider gauging some subgroup G ⊆ SU(Nf ) of the flavor

symmetry. We will very weakly gauge this subgroup, g ≪ 1, so that ΛSU(Nc) ≫ ΛG. For

energies below ΛSU(Nc), we dualize SU(Nc) → SU(N = Nf − Nc) and, as in [8], there are

metastable SUSY-breaking vacua, given at tree level by (6.2).

Let us first consider the case that G = SU(Nf ). (In the next subsection we will

analyze the case of proper subgroups.) Some preliminary analysis of this theory appeared
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in [8, 13]. The classical vacua are still given by (6.2) for g 6= 0, though the SU(Nf ) D-

terms lift some of the g = 0 pseudomoduli at tree level. The SUSY-breaking F-terms are

still given by (6.3). Our interest here will be in the theory with k added SU(Nf ) flavors,

ρi ∈ (1, Nf ), ρ̃i ∈ (1,Nf ), i = 1, . . . , k, with k in the range Nf + Nc < k < 3Nf − Nc, so

that the SU(Nf ) gauge coupling is asymptotically free in the UV SU(Nc)×SU(Nf ) theory,

and IR free in the SU(N) × SU(Nf ) low-energy dual [13]. The dual theory has

W = hTrΦϕϕ̃ + mQΛTrΦ + mρρρ̃. (6.8)

We are interested in the case where mρ = 0. The added SU(Nf ) matter fields in this

case lead to additional pseudomoduli, given by the expectation values of ρ and ρ̃ along the

tree-level D-flat directions, Higgsing SU(Nf ) (or U(Nf )). The effective potential for these

pseudomoduli had not yet been computed in the literature.

We here highlight a key point about this theory: because Φ̂ in (6.2) is charged under

SU(Nf ), the non-zero F -term for this charged field implies that the model has gauge

messengers, as discussed in section 5.4. Thus the ρ, ρ̃ pseudo-moduli are lifted at one

instead of two loops. Indeed, a direct computation of the one-loop Coleman-Weinberg

potential exhibits the dependence on the ρ and ρ̃ expectation values. Alternatively, we can

use apply the discussion in section 5.4 to see that the one-loop potential is non-vanishing

at large ρ, ρ̃.

Consider the pseudomodulus direction where ρ and ρ̃ each have a single large entry,

ρ1. This Higgses SU(Nf ) to SU(Nf − 1) at the threshold scale gρ1. Under SU(Nf − 1),

Φ decomposes into an adjoint φA, A = 1, . . . ,dim(SU(Nf − 1)); two singlets φ0′ and φ0;

and a fundamental plus anti-fundamental. The latter two do not participate in the SUSY

breaking so we will set them to zero henceforth. The decomposition of Φ into the remaining

fields is:

Φ = φATA + φ0′T
0′ + φ0N

−1/2
f 1INf

(6.9)

where TA are the generators of SU(Nf − 1) (as Nf ×Nf matrices), and T 0′ is proportional

to the SU(Nf − 1) (but not the SU(Nf )) identity. These generators are all normalized to

have Tr (TA)2 = Tr (T 0′)2 = 1 so that φA, φ0′ and φ0 are canonically normalized fields.

The corresponding F-terms are then given by decomposing (6.3) as

FΦ = FφA
TA + Fφ′

0
T 0 + Fφ0N

−1/2
f 1INf

. (6.10)

In general these F-terms will all be non-zero. Then according to (5.20), the effective

potential for ρ1 in the regime (4.1) is

Veff ≈ −2
(
|FφA

|2∆c(φA) + |Fφ0′
|2∆c(φ0′)

)
κg log

|ρ1|
m0

(6.11)

Notice that Fφ0 does not contribute since it is neutral under SU(Nf ) and SU(Nf − 1).

The change in the quadratic Casimir invariants is simply

∆c(φA) = c(SU(Nf ) adj) − c(SU(Nf − 1) adj) = 1

∆c(φ0′) = c(SU(Nf ) adj) − c(SU(Nf − 1) sing) = Nf . (6.12)
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Substituting back into (6.11), we conclude that Veff is indeed a downward-sloping function

of the pseudomodulus field ρ1, indicating “bad” runaway behavior.

Let us make two comments on this result. First, we have been intentionally vague about

the precise forms of Fφ0 and FφA
, since these will depend on how the ρ vev is aligned with the

SUSY-breaking pattern (6.2)–(6.3). However, we see from this analysis that the conclusion

of runaway behavior is robust and does not depend on the detailed form of the F-term

vevs. Second, let us mention that the coefficient in (6.11), and in particular its sign, can

also be obtained from the fact that the coefficient of ln m0 is the same as the coefficient of

ln Mcutoff in the Coleman-Weinberg potential: ∂V
∂ ln m0

=
∂V

(1)
CW

∂ lnMcutoff
= − 1

32π2 StrM4. Indeed

the result (6.11) is reproduced upon evaluating the leading O(|F |2) contribution to StrM4

in the large |ρ1| limit, using the appropriate gauge messenger spectrum (which can be found

as in [22]).

6.4 SQCD with weakly gauged flavor symmetry — No gauge messengers

Let us now consider the same model as the previous subsection except that instead of gaug-

ing the entire SU(Nf ) flavor symmetry, we gauge an SU(K) subgroup which is sufficiently

small, and aligned, such that such that FΦ in (6.3) is gauge neutral. This of course leads

to qualitatively different behavior, since now there are no longer any gauge messengers

present to lift the pseudomoduli at one loop.

There are now two qualitatively different possibilities for how the SU(K) gauge group

is aligned. The expectation values (6.2) break SU(N)×SU(Nf ) → SU(N)D ×SU(Nf −N),

and the two possibilities are that the SU(K) can align inside either SU(N)D or inside

SU(Nf − N) (assuming that K ≤ N , or K ≤ Nf − N , respectively). The qualitative

difference is because (6.3) leads to tree-level SUSY-split masses for only the last Nf − N

flavors. So if SU(K) aligns with the first N entries in (6.3), then the messenger fields are

neutral under SU(K), whereas if the SU(K) aligns with the last Nf −N entries in (6.3) the

messengers ϕ are charged under SU(K). In either case, we are here considering the case

where the F-terms (6.3) are SU(K) gauge singlets, so that there are no gauge messengers.

Let us first consider the case where SU(K) aligns within the SU(Nf −N), i.e. the last

Nf − N flavors in (6.3). Since there are then messengers ϕ with SUSY-split masses, and

charged under SU(K), the ρ pseudomoduli in this case couple as the Higgsing pseudomoduli

of section 5.2. As discussed there, such pseudomoduli are lifted at two loops, and such

pseudomoduli are good — their potential safely stabilizes them. Indeed, consider the

range (4.1), where their potential can be read off from (5.11). Consider again the pseudo-

D-flat direction where ρ and ρ̃ each have a single large entry, ρ1, Higgsing SU(K) to

SU(K − 1).

We then have from (5.10)

∆Ω
(2)
X = −8κhX

κgT (rϕ)(|G| − |G′|) = −4
κh

Nf − N
κgN(2K − 1), (6.13)

where h is as in (6.1) and hX = h/
√

Nf − N comes from writing the F-terms (6.3) in terms
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of a canonically normalized SU(Nf −N) singlet field X. As in (5.11), the potential is then

Veff(ρ1) ≈ |f |2κhκgN(2K − 1) ln2 |gρ1|2
m2

0

, (6.14)

which is an increasing function of |ρ1|; the potential safely stabilizes these pseudomoduli.

Allowing for several flavors of ρ and ρ̃ with widely separated large expectation values yields

a sum of terms like (6.14), safely lifting all of these Higgsing pseudomoduli.

We now briefly summarize the case where SU(K) instead aligns inside the unbroken

SU(N)D, i.e. within the first N entries in (6.3). The SUSY-split messenger components of

ϕ are now SU(K) neutral, and the SU(K) charged components of ϕ have SUSY masses.

These components interact via the superpotential terms coming from (6.1), with coupling

h. The upshot is that the ρ pseudomoduli in this case are first lifted at three loops. The

three-loop effective potential in the range (4.1) is approximated by (4.9) with ∆Ω
(3)
X =

∂γX
∂hX

∂βhX
∂h ∆βh < 0, where the sign comes from the SU(K) gauge contribution to ∆βh. It

then follows from (4.10) that the ρ pseudomoduli in this case are bad.

To summarize, if the gauged flavor group is the entire SU(Nf ), or more generally an

SU(K) subgroup which is not aligned within either the first N entries or the remaining

Nf − N entries in (6.3), then there are gauge messengers, and the ρ pseudomoduli are

lifted at one loop and are bad, with a perturbative runaway. If the gauged SU(K) flavor

subgroup is entirely within the last Nf − N entries in (6.3), then the ρ pseudomoduli are

lifted at two loops and are good. Finally, if the gauged SU(K) is entirely within the first

N entries in (6.3), then the ρ pseudomoduli are lifted at three loops and are bad.

6.5 Example with a saxion-type pseudomodulus: SU(Nc) with symmetric ten-

sor and antifundamentals

We now take the UV theory to be an SU(Nc) gauge theory with symmetric tensor S and

Nf = Nc + 4 antifundamentals Q̃i, and we attempt to break supersymmetry by turning

on the tree-level superpotential Wtree = TrλijSQ̃iQ̃j. For simplicity, we take λij = λδij ,

preserving an SO(Nf ) ⊂ SU(Nf ) flavor symmetry, along with a U(1)R symmetry with

R(S) = −2 + 4
Nc

and R(Q̃) = 2 − 2
Nc

. This theory was originally considered long ago [1],

where it was noted to have an interesting pseudo-flat direction, labeled by 〈detS〉, along

which 〈Q̃〉 = 0 and 〈S〉 = a1INc . Far from the origin in this direction, 〈detS〉 ≫ ΛNc , there

is a non-perturbative runaway superpotential which pushes detS → ∞ [1]:

Wdyn = c

(
(Λ2N−3)2detλ

detS

)1/(Nc−2)

(6.15)

(To obtain (6.15), note that 〈S〉 = a1INc Higgses SU(Nc) to SO(Nc), and gives the Q̃ mass

m eQ
= λa. Then (6.15) is generated by gaugino condensation in the low-energy SO(Nc)

Yang-Mills theory.) It was speculated in [1] that there might be a metastable minimum at

smaller values of detS, perhaps either in the 〈S〉 ≫ Λ regime, or for S nearer the origin.

The theory near the origin can now be analyzed using its known magnetic dual [36]:

an SO(8) gauge theory with Nf matter fields ϕ ∈ 8v, one matter field p ∈ 8s,
1
2Nf (Nf +1)
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singlets Φ (with Φ = ΦT ), and one more singlet Z, with superpotential

Wdual = h(TrΦϕϕ − µ2TrΦ + Zp2), (6.16)

where, as before, we take the couplings to be the same for simplicity. In terms of the UV

theory, Φ = Λ−2SQ̃Q̃, Z = Λ1−NcdetS, and f = −hµ2 = λΛ2. The SO(8) magnetic dual

theory is IR free for Nf ≥ 17. The small parameter (2.1) is ǫ = λ, so we need to take

|λ| ≪ 1. The first two terms in (6.16) lead to FΦ 6= 0 via the rank-condition supersymmetry

breaking [8], with tree-level vacuum V0 = (Nf − 8)|hµ2|2 ∼ (Nf − 8)|λΛ2|2. Indeed, this

sector of the theory is the IR dual of an SO(Nc) gauge theory with Nf = Nc + 4 massive

fundamentals which, along with the field Z, is the low-energy electric theory obtained for

large Z. Ignoring the Z pseudomodulus, this low-energy theory would have metastable

DSB vacua at 〈Φ〉 = 0, with 〈ϕ〉 6= 0 (breaking SO(8)gauge × SO(Nf )flavor → SO(8)D ×
SO(Nf − 8)), just as in [8].

However, the additional Z pseudomodulus of the low-energy theory (6.16) spoils the

metastable DSB minimum in the other pseudomoduli. The field Z is the same interesting

pseudomodulus, with the non-perturbative runaway for |Z| ≫ |Λ|, found in [1]. For |Z| ≪
|Λ|, the IR free magnetic dual SO(8) theory reveals a perturbative runaway, as the field Z

is of the “saxion” type, like Φ3 in (5.13). As we have argued, such pseudomoduli develop a

perturbative runaway potential at three loops, and eventually Z slides to the UV cutoff of

the low-energy theory, Z ∼ Λ, where all bets are off. In the regime (4.1) of |µ| ≪ |X| ≪ |Λ|,
the effective potential is given by (5.17) (where g is the dual SO(8) gauge coupling):

Veff(X) ≈ −56

3
V0κhκ2

g

(
ln

|Z|2
|µ2|

)3

(6.17)

since b = 17 − Nf above the Z threshold, and below p gets a mass, so b′ = 18 − Nf .

Because of this perturbative runaway, we expect that this theory does not have a

metastable dynamical supersymmetry breaking near the origin.10 All evidence points to-

ward this theory having everywhere the runaway to 〈S〉 → ∞, starting with the perturba-

tive magnetic runaway for 〈S〉 ≪ Λ, and ending with the nonperturbative electric potential

from (6.15) for 〈S〉 ≫ Λ, rather than any metastable DSB vacuum.

6.6 Modifications of the above example, which do have metastable DSB near

the origin

We can still modify the electric SU(Nc) theory to remove the runaway by hand, and obtain

a model of DSB. We add to the electric theory a gauge singlet field Σ, and take

Wtree = λTrSQ̃Q̃ +
c

MNc−2
p

Σ detS, (6.18)

10We have not computed the three-loop V
(3)
eff in the range |X| ∼ |µ|, and in principle there could be a

metastable minimum in this range very close to the origin. Even if that were the case, such a hypothetical

minimum would likely not be sufficiently long-lived to be viable.
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where Mp is the scale of some UV completion or other dynamics (suppose Mp ≫ |Λ|) and

c is a dimensionless constant.11 In the IR free magnetic dual, the superpotential is

Wdual = h(TrΦϕϕ − µ2TrΦ + Zp2) + mZΣZ, (6.19)

where mZ = cΛ(Λ/Mp)
Nc−2. As before, we take Nf > 17, so the magnetic theory is

IR free. The first two terms then lead to rank-condition supersymmetry breaking, with

V0 = (Nf − 8)|hµ2|2. The last term gives Z a tree-level supersymmetric mass mZ , so Z

is no longer a pseudomodulus; the runaway direction of the previous subsection has been

eliminated. The new field Σ leads to a new pseudomodulus, but this one is dynamically

stabilized. Indeed, integrating out the massive field Z, its equation of motion sets Σ ∼ p2,

so the new pseudomodulus is of the Higgsing type; it is a pseudo-D-flat direction along

which the spinor 〈p〉 gets an expectation value, Higgsing SO(8) to SO(7). This pseudo-D-

flat direction is lifted at two loops, with V
(2)
eff minimized at the origin, 〈Σ〉 = 〈p〉 = 0. Near

the origin, Veff ⊃ m2
pp

†p ∼ m2
p

√
Σ†Σ, with m2

p > 0. In the range (4.1) of the pseudomodulus

Y ∼ gSO(8)

√
cΛΣ, the effective potential is given by (5.11)

Veff(Σ) ≈ 16V0κhκg∆c(rϕ)

(
ln

|Y |2
|µ|2

)2

, (6.20)

with ∆c(rϕ) = (7
2 − 21

8 ). So in this limit too the potential is an increasing function of |Σ|.
A different modification of the example of the previous subsection is to weakly gauge

the SO(Nf ) symmetry, with gauge coupling g′. The Φ of the dual theory (6.19) decompose

into an SO(Nf ) adjoint and singlet, Φ = φATA + φ0N
−1/2
f 1INf

, as does FΦ, which is given

as in (6.3) (with N = 8). Since FφA
6= 0, there are gauge messengers, which lifts the saxion

Z at two loops. For Z in the range (4.1), its potential is given as in (5.22)

Veff(Z) ≈ 32
(Nf − 8)(Nf − 2)

Nf
|f |2κ2

g′

(
log

|Z|
|µ|

)2

, (6.21)

where we used
∑

A |FφA
|2 = 8(Nf − 8)|f |2/Nf . This potential safely stabilizes the saxion,

so the theory of the previous subsection can have viable DSB upon gauging the SO(Nf )

flavor symmetry. (The SO(Nf ) can run to strong coupling in the IR, unless additional

SO(Nf ) charged matter is added. Such matter can lead to bad Higgsing pseudomoduli, as

in section (6.3).)

6.7 Examples with incalculable pseudomoduli potentials: Kutasov-type dual-

ities

As in [29–31] there are many duality examples based on matter fields in multiple represen-

tations, with an added tree-level superpotential for some of the representations; see e.g. [37]

11Replacing the last term in (6.18) with c (detS)2/M2Nc−3
p is qualitatively similar to the case described

above. An alternative is to replace the last term in (6.18) with c detS/MNc−3
p , which also halts the 〈Z〉 → ∞

runaway. This theory does admit metastable DSB vacua, related to those of SO(Nc) with Nf = Nc +4, but

the necessary condition (2.1) becomes the requirement that λ be unnaturally small: λ ≪ (Λ/Mp)
n where

n > 0 depends on Nc (n → 2 for large Nc).
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for additional examples. In all of the duals, some moduli enter only via power-law irrele-

vant terms. If supersymmetry is broken, these become irrelevantly coupled pseudomoduli,

of the type Φ4 in (1.7). Thus none of these examples can have calculable metastable DSB

— they are all inconclusive.

Consider, for example, the original example of [29]. The electric theory is SU(Nc)

SQCD, with Nf fundamental flavors and an added adjoint X, with Wtree = TrX3 +

λTrQXQ̃. The term with coupling λ has been added to try to dynamically break su-

persymmetry. The dual theory [29] has gauge group SU(N = 2Nf − Nc), with adjoint Y ,

Nf fundamental flavors ϕ and ϕ̃, and gauge singlets Φ0 = QQ̃/Λ and Φ1 = QXQ̃/Λ2, with

Wdual = hTrΦ1ϕϕ̃ + fTrΦ1 + TrY 3 +
a

Λ
TrΦ0ϕY ϕ̃, (6.22)

where the dimensionless couplings h and a are O(1) at the cutoff and f = λΛ2. The theory

is IR free for Nf < 2Nc/3 and the small parameter ǫ in (2.1) is here given by ǫ = λ.

The first two terms in (6.22) give the rank-condition supersymmetry breaking sector [8],

with FΦ1 6= 0, and 〈ϕ〉 = 〈ϕ̃〉T 6= 0. The mass spectrum and pseudomoduli potential for

the components of Φ1 and ϕ are identical to that of the SQCD example of [8]. The

additional fields Y in (6.22), and also N2 components of the Φ0 fields, get calculable tree-

level supersymmetric masses, m2
calc ∼ |aǫΛ/h|2 ∼ |a2ǫ2 ln |ǫ|Λ2| from the ϕ̃ϕ 6= 0. These

calculable tree-level masses just barely robust against the unknown m2
incalculable ∼ |ǫΛ|2,

thanks to the |h|−2 ∼ − ln |ǫ| enhancement.

But there are remaining pseudomoduli components of Φ0, which can be first lifted at

one loop. Because they enter into the low-energy theory only via the power-law irrelevant

last term in (6.22), it follows from our general discussion in section 3 that the effective

potential for these pseudomoduli is incalculable, m2
calc ≤ m2

incalculable. For example, the

one-loop calculable contribution m2
calc ∼ |aǫΛ|2 is of the same order as the incalculable

contributions, from terms like Keff ⊃ c|Λ|−2Φ†
1Φ1Φ

†
0Φ0. So we cannot determine whether

the Φ0 pseudomoduli are stabilized in the region |Φ0| < |Λ|, or if they instead develop a

dangerous runaway to larger values of Φ0, where the low-energy analysis is inapplicable. It

is thus inconclusive whether or not this theory dynamically breaks supersymmetry.

One can still modify the UV theory to eliminate, by hand, the dangerous pseudomoduli

by adding mass terms for them. In the examples at hand, this fix has already been imple-

mented in the literature, with Φ0 given mass via superpotential term TrΣQQ̃ → TrΣΦ0

(with added gauge singlets Σ) [12] or alternatively Tr(QQ̃)2 → TrΦ2
0 [14].

6.8 Analogs of SQCD with Nf = Nc + 1: IR free theories without gauge fields

While there is no general classification of which supersymmetric gauge theories have IR

free low-energy duals (as opposed to an interacting SCFT), some classes of theories have

been well mapped out. For example, there is a classification of the “s-confining” N = 1

theories with simple gauge group and Wtree = 0. These are the theories analogous to

SQCD with Nf = Nc + 1 [38]: the low energy IR free fields have only superpotential, and

no (dual) gauge interactions. Another example is Sp(Nc) with Nf = Nc + 2 flavors [39].

Many analogous theories were summarized in [40]. The basic fields of the IR free theory
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are all gauge invariant composites of the UV matter, ignoring the classical relations, and

there is a Wdyn whose F-term equations give the classical relations. Adding a linear term

in one of the IR free fields can potentially break supersymmetry.

As shown in [8], the SU(Nc) theory with Nf = Nc + 1 has calculable metastable

dynamical supersymmetry breaking, whereas the Sp(Nc) theory with Nf = Nc + 2 does

not. The difference is that all pseudomoduli of the SU(Nc) theory enter into cubic terms

in Wdyn, whereas pseudomoduli of the Sp theory couple via power-law irrelevant terms

in W , so their effective potential is incalculable. Again, if there are any incalculable

pseudomoduli, one cannot determine whether or not the theory has DSB — it depends on

the sign of the incalculable higher-order Kahler potential terms.

A scan of the other examples in [40] reveals that the SU(Nc) SQCD is a rather special

example. The other examples more generically have many fields which appear in Wdyn via

terms which are power-law irrelevant, which will become incalculable pseudomoduli if a

sector of the theory breaks supersymmetry.

As an example, consider SU(Nc) with one flavor of antisymmetric tensor, A and Ã, and

Nf = 3 fundamental flavors, Q and Q̃. The IR free theory is discussed in [40]. If we add

Wtree = mAAÃ+mQTrQQ̃, the mQ term leads to a rank-condition supersymmetry breaking

sector (with Φ1 = QQ̃/Λ and ϕ = Ã(AÃ)
1
2
Nc−1Q2), so it is possible that this theory

has a metastable DSB vacuum near the origin. But many pseudomoduli, e.g. T1 = AÃ,

couple only via superpotential terms of quartic and higher order. Thus they are not

reliably stabilized within the low-energy effective theory, and the DSB vacuum requires an

assumption about the sign of non-calculable terms in the Kahler potential. Such potentially

dangerous pseudomoduli can still can be stabilized by hand, by modifying the UV theory

to give them masses, to obtain a theory with (metastable) DSB vacua.

The scan of these classes suggest that calculability is perhaps not generic.
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A Deriving the leading-log effective potential

In this appendix, we derive the formula (4.9) for the leading-log effective potential in the

large field regime (4.1).

The statement that we can approximate ΩX with leading logs is the statement that

we have a good power-series expansion of the form

ΩX(t) ≈ C0 + C1κ(t − tΛ) +
1

2!
C2(κ(t − tΛ))2 + . . . (A.1)
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with κ ≪ κ(t − tΛ) ≪ 1 and t = log Q/m0. Note that we are expanding ΩX around the

UV scale Λ but we are defining the RG time with respect to the IR scale m0; the reasons

for this will be apparent in a moment. Because the effect we are after is, in fact, a leading

log effect, we drop terms of O(κn(t − tΛ)m) with m < n and (since there are not terms

with m > n) we only keep the terms with n = m.

Now suppose that at t = tΦ, the nth derivative of ΩX is discontinuous with all lower-

order derivatives still continuous. Then for t < tΦ, the expansion (A.1) becomes

ΩX(t) = C ′
0 + C ′

1κ(t − tΛ) +
1

2!
C ′

2(κ(t − tΛ))2 + . . . (t < tΦ) (A.2)

with the new coefficients C ′
i satisfying

∞∑

k=i

1

(k − i)!
Ck(κ(tΦ− tΛ))k−i =

∞∑

k=i

1

(k − i)!
C ′

k(κ(tΦ− tΛ))k−i, i = 0, . . . , n−1. (A.3)

The Taylor expansion coefficients Ci of ΩX around the UV scale are independent of

tΦ. Then (A.3) yields a system of equations which determine the tΦ dependence of the IR

Taylor coefficients C ′
0, . . . , C

′
n−1. It is straightforward to check that (A.3) are solved by

C ′
i = Ci −

1

(n − i)!
(Cn − C ′

n)(−κ(tΦ − tΛ))n−i + . . . (i = 0, . . . , n − 1) (A.4)

where . . . denote terms that are higher order in κ. Plugging this into (A.2), we see that

ΩX(0) = const. −
n∑

i=0

1

i!(n − i)!
κn(−1)n(Cn − C ′

n)(tΦ − tΛ)n−itiΛ + . . .

= const. − 1

n!
(Cn − C ′

n)(−κtΦ)n + . . . . (A.5)

This reproduces (4.6) after we identify ∆Ω
(n)
X ≡ dnΩX

dtn

∣∣t+Φ
t−Φ

= κn(Cn − C ′
n).
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